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Aim and Structure

My aim is to present a new interpretation of a calculus of conditional
probability, to be understood as governing a rescaling of measures of
information added.

In information theory, one starts with a statistical probability distribution
P over signal elements and takes − log P as a measure of the information
(in the sense of “surprise value”) of the signal elements. Similarly, Carnap
and Bar-Hillel used the same measure, but based on an inductive
probability, as a measure of semantic information.

I want to turn this way of conceiving the relationship beween probability
and information on its head. I plan to start from qualitative considerations
on the information added by a proposition α to a body of propositions Γ,
and hence to obtain quantitative measures of information.
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Aim and Structure

We find that there are at least two viable notions of information-added:
one goes by the novelty value of the added information, the other, very
roughly, by the (weighted) proportion of consequences left open by the
body of propositions that the added proposition rules out—this is
information-added as an additional resource in drawing consequences.

Making the sort of plenitude assumptions common in the area of
representation theorems, we find that any precise measure of
information-added as novelty value can be rescaled as a probability-like
function and any measure of information-added as additional resource
rescales as a unique Popper function. (What follows borrows heavily from
the literature on quantitative measures of comparative conditional
probability.)

Vagueness of information-added is accommodated by working backwards
from the family of precise sharpenings of an inexact relation of
information-added.
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Introduction

Our starting point is the thought that given a sentence α and a collection
of sentences Γ, α adds information to Γ: in general the set Γ∪ {α} is more
informative than Γ, an obvious exception being when Γ entails α, for then
the content of α is already contained in Γ

Logic here needn’t go beyond the ∧,∨,¬-fragment of classical
propositional logic. For the novelty-value conception we need very little
logic, just the standard rules for conjunction. For the additional-resource
for inference conception we need a negation obeying double negation
elimination, De Morgan’s Laws, and ex falso quodlibet, and more.

For each sentence α and set of sentences Γ we can consider the amount of
information α adds to Γ. For the moment this is not to be understood in
any narrowly quantitative sense, any more than one thinks of strictly
quantitative replies to ‘How much do you love me?’ – river deep,
mountain high, perhaps, but there ain’t no SI unit of love.
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Introduction

We read
〈α, Γ〉 4 〈β,∆〉

as the comparison

the sentence β adds at least as much information to the set of
sentences ∆ as the sentence α adds to the set of sentences Γ,

and
〈α, Γ〉 ≺ 〈β,∆〉

as the comparison

the sentence β adds more information to the set of sentences ∆
than the sentence α adds to the set of sentences Γ.
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Introduction

We write
〈α, Γ〉 ≈ 〈β,∆〉

for

〈α, Γ〉 4 〈β,∆〉 and 〈β,∆〉 4 〈α, Γ〉.

Obviously,

〈α, Γ〉 ≺ 〈β,∆〉 if, and only if, 〈α, Γ〉 4 〈β,∆〉 and 〈β,∆〉 64 〈α, Γ〉.

The qualitative relation 4 is evidently reflexive and transitive while ≺ is
irreflexive and transitive. What other properties do they have?

More particularly, in what ways are 4 and ≺ responsive to logical structure
and relations?
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Introduction General constraints

Here are some general constraints:

(i) If α ∈ Γ then, for all β and ∆, 〈α, Γ〉 4 〈β,∆〉.

(ii) For some α and Γ for which Γ ∪ {α} is consistent,
〈α, Γ ∪ {α}〉 ≺ 〈α, Γ〉.

(iii) If α ` β then 〈β, Γ〉 4 〈α, Γ〉.

(iv) If, for all β ∈ ∆, Γ ` β and, for all γ ∈ Γ, ∆ ` γ then
〈α, Γ〉 ≈ 〈α,∆〉.

These, I trust, are intuitively plausible.
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Introduction Conjunction and negation

The interplay between the logical operations of conjunction and negation
and information-added lead to further constraints:

(v)(a) If 〈α, Γ〉 4 〈β,∆〉 and 〈γ, Γ ∪ {α}〉 4 〈δ,∆ ∪ {β}〉 then
〈α ∧ γ, Γ〉 4 〈β ∧ δ,∆〉;

(v)(b) if 〈α, Γ〉 ≺ 〈β,∆〉 and 〈γ, Γ ∪ {α}〉 4 〈δ,∆ ∪ {β}〉 then
〈α ∧ γ, Γ〉 ≺ 〈β ∧ δ,∆〉 except perhaps when 〈γ, Γ ∪ {α}〉 has
attained some upper limit;1

(v)(c) if 〈α, Γ〉 4 〈β,∆〉 and 〈γ, Γ ∪ {α}〉 ≺ 〈δ,∆ ∪ {β}〉 then
〈α ∧ γ, Γ〉 ≺ 〈β ∧ δ,∆〉 except perhaps when 〈α, Γ〉 has attained
some upper limit.

(v)(d) 〈α ∧ γ, Γ ∪ {α}〉 ≈ 〈γ, Γ ∪ {α}〉 4 〈α ∧ γ, Γ〉.

1As yet we haven’t established that there is an upper limit to information added;
we’re just playing safe, introducing what is, with a little bit of thought, a fairly obvious
qualification.
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Introduction Conjunction and negation

From (iii) it follows that logically equivalent sentences add the same
amount of information,

and from (iii) and (v)(d) it follows that
〈α, Γ〉 4 〈α ∧ β, Γ〉, 〈β, Γ〉 4 〈α ∧ β, Γ〉, 〈β, Γ ∪ {α}〉 4 〈α ∧ β, Γ〉 and
〈α, Γ ∪ {β}〉 4 〈α ∧ β, Γ〉.

Also, from (i) and (iv), if Γ is inconsistent, then, for all α, β and ∆,
〈α, Γ〉 4 〈β,∆〉.

As a strengthening of (iii) we have that 〈β, Γ〉 4 〈α, Γ〉 when Γ ∪ {α} ` β.

If no information can be added to Γ ∪ {α}, i.e. for all β,
〈β, Γ ∪ {α}〉 ≈ 〈α, Γ ∪ {α}〉, then, 〈α, Γ〉 ≈ 〈⊥, Γ〉, where ⊥ is a
contradiction.

Peter Milne (University of Stirling) Probability : information added 16.ix.09 10 / 26
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Also, from (i) and (iv), if Γ is inconsistent, then, for all α, β and ∆,
〈α, Γ〉 4 〈β,∆〉.

As a strengthening of (iii) we have that 〈β, Γ〉 4 〈α, Γ〉 when Γ ∪ {α} ` β.

If no information can be added to Γ ∪ {α}, i.e. for all β,
〈β, Γ ∪ {α}〉 ≈ 〈α, Γ ∪ {α}〉, then, 〈α, Γ〉 ≈ 〈⊥, Γ〉, where ⊥ is a
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Introduction Conjunction and negation

Here are two principles, both of which may seem plausible, both of which
are defensible, but which in conjunction with with (i) – (v) entail that
information added is an all-or-nothing affair.

(vi1) 〈α, Γ ∪∆〉 4 〈α, Γ〉.

Roughly, α adds the more information to Γ the more it has consequences
that are not consequences of Γ. — This is information valued for its
novelty. (We can construct a quantitative model under which (i) – (v) and
(vi1) are satisfied.)

(vi2) Provided there are propositions η and θ such that
〈η, Γ〉 ≺ 〈θ, Γ〉, if 〈α, Γ〉 4 〈β,∆〉 then 〈¬β,∆〉 4 〈¬α, Γ〉.

(vi2) can be motivated by thinking of the information α adds to Γ in terms
of the proportion of possibilities left open by Γ that are ruled out by α.
The more possibilities that α rules out, the fewer its negation rules out
and vice versa, a sentence adding more information to Γ the more
possibilities it rules out.
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Introduction Conjunction and negation

The point is that these two conceptions of information-added, both quite
viable, are incompatible. They are quite distinct conceptions. We see this
because, taken together, they, along with (i) – (v) entail, for any α and Γ,
that either α adds no information to Γ or it adds as much as a
contradiction adds—the maximum possible.

Proof.

If no information can be added to Γ ∪ {α} then 〈α, Γ〉 ≈ 〈⊥, Γ〉. Suppose,
then, that information can be added to Γ ∪ {α}, i.e. that there are
propositions η and θ such that 〈η, Γ ∪ {α}〉 ≺ 〈θ, Γ ∪ {α}〉. Then, by (i),
〈α, Γ ∪ {α}〉 4 〈α, Γ〉, and, by (vi1), 〈¬α, Γ ∪ {α}〉 4 〈¬α, Γ〉. Applying
(vi2) to the latter, 〈¬¬α, Γ〉 4 〈¬¬α, Γ ∪ {α}〉. As ¬¬α a` α, by (iii),
〈α, Γ〉 4 〈α, Γ ∪ {α}〉. So 〈α, Γ ∪ {α}〉 ≈ 〈α, Γ〉.
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Introduction Conjunction and negation

From (vi2) we get, if ¬¬γ a` γ,

(vi∗2) provided there are propositions η and θ such that 〈η, Γ〉 ≺ 〈θ, Γ〉, if
〈α, Γ〉 ≺ 〈β,∆〉 then 〈¬β,∆〉 ≺ 〈¬α, Γ〉.

In different ways, (vi1) and (vi2) both establish the existence of maximal
additions of information. In the case of (vi2) there is a uniform maximum:
the information added by a contradiction to any set of propositions to
which information can be added.

Proof.

(vi1): 〈α, Γ ∪ {α}〉 4 〈α, Γ〉 4 〈⊥, Γ〉 4 〈⊥, ∅〉. By (ii),
〈α, Γ ∪ {α}〉 ≺ 〈⊥, ∅〉.

(vi2): if ∃η, θ such that 〈η, Γ〉 ≺ 〈θ, Γ〉, then, for all β and ∆,
〈¬⊥, Γ〉 4 〈¬β,∆〉, and so 〈β,∆〉 ≈ 〈¬¬β,∆〉 4 〈¬¬⊥, Γ〉 ≈ 〈⊥, Γ〉.
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Introduction Conjunction and negation

Because ⊥ ` α, for every α, even absent (vi2), we have that
〈α, Γ〉 4 〈⊥, Γ〉 and that 〈α, Γ〉 ≈ 〈⊥, Γ〉 when no information can be
added to Γ ∪ {α}.

What we won’t be able to establish is that
〈⊥, Γ〉 ≈ 〈⊥,∆〉 for all Γ and ∆ to which information can be added.

Because it will be useful to have this constraint later, forgetting about
(vi2), we add:

(vi3) 〈⊥, Γ〉 4 〈⊥,∆〉 for inconsistent ⊥ and all ∆ to which it is possible
to add information.

Jointly with (vi1), (vi3) has this unexpected consequence:

if 〈α, Γ〉 ≺ 〈⊥, Γ〉 then 〈¬α, Γ〉 ≈ 〈⊥, Γ〉. — If α does not add to Γ as
much as a contradiction does then ¬α does!
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Introduction Conjunction and negation

Refinements

(vii)(a) If 〈α ∧ γ, Γ〉 4 〈β ∧ δ,∆〉 and 〈β,∆〉 4 〈α, Γ〉 then
〈γ, Γ ∪ {α}〉 4 〈δ,∆ ∪ {β}〉 unless, perhaps, 〈β,∆〉 attains some
maximum.

(vii)(b) If 〈α ∧ γ, Γ〉 4 〈β ∧ δ,∆〉 and 〈δ,∆ ∪ {β}〉 4 〈γ, Γ ∪ {α}〉 then
〈α, Γ〉 4 〈β,∆〉 unless, perhaps, 〈δ,∆ ∪ {β}〉 attains some
maximum.

These principles are more significant than may at first appear, for with
them, assuming negation behaves classically, we can derive:

(vii)(c) If 〈α ∧ γ, Γ〉 ≈ 〈⊥, Γ〉 then 〈α, Γ〉 ≈ 〈⊥, Γ〉 or
〈γ, Γ ∪ {α}〉 ≈ 〈⊥, Γ ∪ {α}〉.

(vii)(d) if Γ ` ¬ (α ∧ γ), ∆ ` ¬ (β ∧ δ), 〈α, Γ〉 4 〈β,∆〉 and
〈γ, Γ〉 4 〈δ,∆〉 then 〈α ∨ γ, Γ〉 4 〈β ∨ δ,∆〉;

(vii)(e) if for some ε and ζ, 〈ε, Γ〉 ≺ 〈ζ, Γ〉 and if Γ ` ¬ (α ∧ γ),
∆ ` ¬ (β ∧ δ), 〈α, Γ〉 ≺ 〈β,∆〉 and 〈γ, Γ〉 4 〈δ,∆〉 then
〈α ∨ γ, Γ〉 ≺ 〈β ∨ δ,∆〉.
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Introduction Conjunction and negation

So far, so good, but for all we know, it might be that for any α and
consistent Γ,

either 〈α, Γ〉 ≈ 〈α, Γ ∪ {α}〉 or 〈α, Γ〉 ≈ 〈⊥, Γ〉;

in other words, it might be all or nothing (as it must be if we endorse (vi1)
along with (vi2)) —α either adds no information to Γ or, which may not
be different, it adds as much as a contradiction does.

We’d like our comparisons of information added to be a bit more
fine-grained than that—in fact, a lot more fine-grained than that.

We look at Bernard Koopman’s approach.
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The transformation of quality into quantity Koopman

Koopman has a straightforward way of securing a quantitative
representation. He first adds a further principle, his axiom of subdivision,
governing, as we employ it, information added:

(viiiK) For any propositions α1, α2, ..., αn, β1, β2, ..., βn and bodies of
propositions Γ and ∆, if Γ ` α1 ∨ α2 ∨ ... ∨ αn, Γ ` ¬ (αi ∧ αj),
1 ≤ i < j ≤ n, ∆ ` β1 ∨ β2 ∨ ... ∨ βn, ∆ ` ¬ (βi ∧ βj),
1 ≤ i < j ≤ n, 〈α1, Γ〉 4 〈α2, Γ〉 4 ... 4 〈αn, Γ〉 and
〈β1,∆〉 4 〈β2,∆〉 4 ... 4 〈βn,∆〉, then 〈α1, Γ〉 4 〈βn,∆〉
—provided there are propositions η and θ such that 〈η,∆〉 ≺ 〈θ,∆〉.

Koopman’s Plenitude Assumption For each n ∈ N+, there is a set of
propositions Γn, and individual propositions αn

1, αn
2, ..., αn

n, such that

Γn ` αn
1 ∨ αn

2 ∨ ... ∨ αn
n, Γn ` ¬

(
αn

i ∧ αn
j

)
, 1 ≤ i < j ≤ n, and

〈αn
1, Γn〉 ≈ 〈αn

2, Γn〉 ≈ ... ≈ 〈αn
n, Γn〉 ≺ 〈⊥, Γn〉.

The Plenitude Assumption gives (viiiK) something to work on.
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The transformation of quality into quantity Koopman

From these and the other principles, (vi1) excluded, Koopman is able to
derive

for any µ, m, ν and n, 1 ≤ µ ≤ m, 1 ≤ ν ≤ n,〈
αn

1 ∨ αn
2 ∨ ...∨ αn

ν , Γn

〉
4

〈
αm

1 ∨ αm
2 ∨ ...∨ αm

µ , Γm

〉
if, and only if, µ

m ≤
ν
n .

Let P (β,∆) = sup
{

q ∈ Q: for some m ∈ N, for some n ∈ N+,
q = m

n and 〈β,∆〉 4 〈αn
1 ∨ αn

2 ∨ ... ∨ αn
m, Γn〉

}
.

Here 〈αn
1 ∨ αn

2 ∨ · · · ∨ αn
m, Γn〉 is 〈⊥, Γn〉 when m = 0.
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The transformation of quality into quantity Koopman

If we start out with a connected ordering 4, we have imposed enough
structure to ensure that P(., .) is a Popper function:

P (., Γ) is a standard probability measure, provided
〈α, Γ ∪ {α}〉 ≺ 〈α, Γ〉 for some α

P (., Γ) = 1 when 〈α, Γ ∪ {α}〉 ≈ 〈α, Γ〉 for all α

P (α ∧ β, Γ) = P (β, Γ ∪ {α})× P (α, Γ)

P takes as values at least all rational numbers in the interval [0, 1]

If we don’t assume that 4 is connected, but do assume that it can always
be extended to a connected ordering, we obtain a convex family of Popper
functions. We can think of the extensions as sharpenings of the original
ordering. This is how we accommodate vague information: the convex
family yields an interval representation.
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The transformation of quality into quantity Koopman

The function P reverses the order of information added.

Moreover, since
P (α, Γ) = P (α ∧ α, Γ) = P (α, Γ)× P (α, Γ ∪ {α}), the natural zero point
of information added is mapped to 1, rather than 0. Thus P itself is not
itself straightforwardly a measure of information added but, rather, a
rescaling of such a measure. The most straightforward way to rectify P’s
failings is to take as measure of information added

i = 1− P.

Another possibility, giving us an additive measure, is to take

i = − log P

where the base of the logarithms may be chosen arbitrarily.

There are, of course, countless other order-reversing bijections mapping
[0, 1] into some subset of R+ ∪ {0,+∞} with 1 being mapped to 0.
Nothing I have said encourages us to prefer any one to any other. The
important fact is that the function P is recoverable from all of them.
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The transformation of quality into quantity Cox, Good, Aczél

Koopman has given us one way to get from qualitative constraints on
information-added to a convex family of Popper functions representing the
original qualitative ordering or to a unique Popper function when 4 is
connected. It turns out that, under a plenitude assumption weaker than
Koopman’s, any quantitative measure of information added that is
sensitive to the structural features listed above can be rescaled as an
additive measure.

Further, if (vi2) is to be respected, there is a unique
rescaling to a conditional probability distribution (Popper function), and if,
instead, (vi3) is to be respected there is a non-unique rescaling as a
function having some of the features of a conditional probability
distribution.

(The mathematical cornerstone is the associativity equation, studied in the
early nineteenth century by the Norwegian mathematician Niels Henrik
Abel. It has been used as the basis for obtaining probability representations
by R.T. Cox, I.J. Good, János Aczél, and Jeff Paris, among others.)
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The transformation of quality into quantity Cox, Good, Aczél

A numerical function i faithful to the constraints we have placed on the
qualitative relation 4 yields a function Q having these properties, some of
which are familiar:

1 0 ≤ Q (α, Γ) ≤ 1;

2 Q (α, Γ) = 1 when Γ ` α;

3 if, for all β ∈ ∆, Γ ` β and, for all γ ∈ Γ, ∆ ` γ then
Q (α, Γ) = Q (α,∆);

4 for some α and Γ for which Γ ∪ {α} is consistent, Q (α, Γ) < 1;

5 Q (α ∧ β, Γ) = Q (α, Γ)×Q (β, Γ ∪ {α}) = Q (β, Γ)×Q (α, Γ ∪ {β}).
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The transformation of quality into quantity Cox, Good, Aczél

If a function Q has these properties, so does any function Qb, for any
positive real number b.

This property is preserved if we go with the constraint (vi1) on 4, for this
imposes the additional constraint on Q:

A Q (α, Γ) ≤ Q (α, Γ ∪∆),

and this feature is still present when we take note of the constraint (vi3)
which yields

B if ∃β Q (β, Γ) < 1 then Q (⊥, Γ) = 0.

Any conception of probability that endorses 1 – 5, A and B has as
consequence the remarkable

if ∃β Q (β, Γ) < 1 and Q (α, Γ) > 0 then Q (¬α, Γ) = 0.
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if ∃β Q (β, Γ) < 1 and Q (α, Γ) > 0 then Q (¬α, Γ) = 0.
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The transformation of quality into quantity Cox, Good, Aczél

What if, instead, we endorse (vi2) as a constraint on 4?

We know that
Q (¬α, Γ) is determined by Q (α, Γ) and that, when ` ¬ (α ∧ β),
Q (α ∨ β, Γ) is determined by Q (α, Γ) and Q (β, Γ). Two logical facts are
important here:

(a) (α ∨ β) ∨ γ a` α ∨ (β ∨ γ);

(b) (α ∨ β) ∧ γ a` (α ∧ γ) ∨ (β ∧ γ).

It’s a consequence of these conditions that there is a unique positive real
number c such that

6 if ` ¬ (α ∧ β) then Qc (α ∨ β, Γ) = Qc (α, Γ) + Qc (β, Γ).

So we have that, given the quantitative measure of information i
satisfiying (vi2n), there is a unique Popper function Qc such that

i (α, Γ) ≤ i (β,∆) if, and only if, Qc (α, Γ) ≥ Qc (β,∆).

. . . and that’s all there’s time for.
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